Logarithms

e INTRODUCTION

Questions based on this chapter are not so frequent in
management entrance exams. In exams, most problems
that have used the concept of logs have been of an ap-
plied nature. However, the aspirants should know the basic
concepts of logarithms to ensure there are no surprises in
the paper.

While studying this chapter the student should pay
particular attention to the basic rules of logarithms as well as
develop an understanding of the range of the values of logs.

% THEORY

Let a be a positive real number, a # 1 and @* = m. Then x
is called the logarithm of m to the base a and is written as
log,m, and conversely, if log,m = x, then a* = m.

Note: Logarithm to a negative base is not defined.

Also, logarithm of a negative number is not defined.
Hence, in the above logarithmic equation, log,m = x, and we
can say that m >0 and a > 0.

Thusa*=m = x=log,m and logm=x=a" =m

In short, a* = m = x = log m.

x = log,m is called the logarithmic form and a* = m is
called the exponential form of the equation connecting
a, x and m.

Two Properties of Logarithms

1. log, 1=0foralla>0,a#1
That is, log 1 to any base is zero
Let log,1 = x. Then by definition, a* = 1

Buta’=1. d"=a"=x=0.
Hence log,1 =0 foralla>0,a# 1

2. logia=1foralla>0,a=1
That is, log of a number to the same base is 1
Let log,a = x. Then by definition, a* = a.
Buta'=a .. d'=da' =>x=1.
Hence log,a=1foralla>0,a# 1.

Laws of Logarithms

First Law:  log, (mn)=log,m + logn
That is, log of product = sum of logs
Second Law: log, (m/n) =log,m —log,n

That is, log of quotient

= difference of logs

Note: The first theorem converts a problem of multipli-
cation into a problem of addition and the second theorem
converts a problem of division into a problem of subtrac-
tion, which are far easier to perform than multiplication
or division. That is why logarithms are so useful in all
numerical calculations.

Third Law: ~ log,m" = n log,m

Generalisation

1. log (mnp) =log m + log n + log p
2. log (aya5a; ... ap)=loga, +loga, + ... +log a;

Note: Common logarithms: We shall assume that the base
a = 10 whenever it is not indicated. Therefore, we shall
denote log,,m by log m only. The logarithm calculated to
base 10 are called common logarithms.




The Characteristic and Mantissa of a
Logarithm

The logarithm of a number consists of two parts: the
integral part and the decimal part. The integral part is
known as the characteristic and the decimal part is called
the mantissa.

For example,

Inlog 3257 =3.5128, the integral part is 3 and the decimal
part is .5128; therefore, characteristic = 3 and mantissa
=.5128.

It should be remembered that the mantissa is always
written as positive.

Rule: To make the mantissa positive (in case the value of
the logarithm of a number is negative), subtract 1 from the
integral part and add 1 to the decimal part.
Thus, —3.4328 =—(3+.4328)=-3-0.4328
=(-3-1)+(1-0.4328)
=—4+ .5672.

so the mantissa is = .5672.

Note: The characteristic may be positive or negative.
When the characteristic is negative, it is represented by
putting a bar on the number.

Thus instead of —4, we write 4.

Hence we may write —4 + .5672 as 4.5672.

Base Change Rule

Till now all rules and theorems you have studied in
Logarithms have been related to operations on logs with
the same basis. However, there are a lot of situations in
Logarithm problems where you have to operate on logs
having different basis. The base change rule is used in such
situations.

This rule states that

(i) log, (b) = log, (b)/log, (a)

Space for Notes
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It is one of the most important rules for solving
logarithms.

(i) logy, (a) = log,. (a)/log, (c)
A corollary of this rule is

(iii) log, (b) = 1/log,, (a)

. . log a*

(iv) log c to the base a” is equal to Oia .

Results on Logarithmic Inequalities

(a) If a > 1 and log, x; > log, x, then x; > x,
(b) If a <1 and log, x; > log, x, then x; < x,

Applied conclusions for logarithms

1. The characteristic of common logarithms of any
positive number less than 1 is negative.

2. The characteristic of common logarithm of any num-
ber greater than 1 is positive.

3. If the logarithm to any base @ gives the characteristic
n, then we can say that the number of integers pos-
sible is given by a" "' — 4"

Example: log,, x = 2.bcde..., then the number of
integral values that x can take is given by: 10* "' —
10% = 900. This can be physically verified as follows.
Log to the base 10 gives a characteristic of 2 for
all 3 digit numbers with the lowest being 100 and
the highest being 999. Hence, there are 900 integral
values possible for x.

4. If —n is the characteristic of log;,y, then the number
of zeros between the decimal and the first significant
number after the decimal is n — 1.

Thus if the log of a number has a characteristic of
—3 then the first two decimal places after the decimal
point will be zeros.

Thus, the value will be —3.00ab...
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©) WORKED-OUT PROBLEMS

Problem 16.1 Find the value of x in 37 4 = 9% ~2
(a) 8/7 (b) 7/8
(c) 7/4 (d) 16/7

Solution Take the log of both sides, then we get,

|3x—4|log3=(2x—-2)log9
=(2x-2) log 3*

=(4x—-4)log3
Dividing both sides by log 3, we get
[3x—4|=(4x-4) (D
Now, |3x—4| =3x—-4ifx>4/3
so if x>4/3
3x-4=4x-4

or 3x =4x
or 3=4

But this is not possible.
Let’s take the case of x <4/3

Then [3x—4|=4-3x

Therefore, 4 — 3x = 4x — 4 from (1)
or Tx =8

or x=8/7

Problem 16.2 Solve for x.
loglox—logm\/; =2log,10
. 1

Solution Now, logm\/; = EX log,ox

Therefore, the equation becomes

1
log,ox — 5 log,yx =2 log,10

1
or 5 log,ox =2 log, 10 2)

Using base change rule (log,a = 1/log,b)
Therefore, equation (2) becomes

1
5 log,ox = 2/log,ox

= (loglox)2 =4
or log;px =2
Therefore, x =100

Space for Rough Work

Problem 16.3 If 7° "' — 7* ! = 48, find x.
Solution Take 7° ' as the common term. The equation
then reduces to
7N 7P -1)=48
or 7=
or x—1=0orx=1
Problem 16.4 Calculate: log, (2/3) + log, (9/4)

=log, (2/3) + (log, (9/4) /log,4
=log, (2/3) + 1/2 log, (9/4)
=log, (2/3) + 1/2 (2 log,3/2)
=log,2/3 + log,3/2 =log,1 =0

Problem 16.5 Find the value of the expression

1/1og;2 + 2/logy4 — 3/10g,48
Passing to base 2

we get
log,3 + 2log,29 — 3log,327
~log, 3 + 4log,3 9log, 3
2 3
= 3log,3 — 3log,3
=0
Problem 16.6 Solve the inequality.
(a) log, (x +3) <2
= 22>x+3
= 4>x+3
1>x
or x <1
But log of negative number is not possible.
Therefore, x+320
That is, x=>-3
Therefore, -3<x<1

(b) log, (**—5x+5)>0
=x’—5x+5>1
SxX—5x+4>0
>x-4HEx-1)>0
Therefore, the value of x will lie outside 1 and 4.
Thatis,x>4orx<1.




LEVEL OF DIFFICULTY (1)

1.

log 32700 = ?
(a) log3.27+4
(c) 2log327

(b) log3.27+2
(d) 100 x log 327

2. log . 0867 =?
(a) log 8.67+2 (b) log 8.67-2
log 867
(c) 1000 (d) —2log8.67
3. If log,,2 = .301 find log;,125.
(a) 2.097 (b) 2.301
(c) 2.10 (d) 2.087
4. log;, 8 =7
(a) 2/5 (b) 5/3
(c) 3/5 (d) 4/5
Find the value of x in equations 5—6.
5. logysx = 25
(@) 27 (b) 2%
() 272 () 2%
6. logyx = %
(@) 3 (b) 3
3 2
() 2 (d) 3
7. log,53375 x log,1024 = ?
(a) 16 (b) 18
(c) 12 (d) 15
8. log,4 + log,16 + log,64 + log,256 = 10. Then a =
?
(a) 4 (b) 2
(c) 8 (d 5
9. 10g625«/§ =7?
(a) 4 (b) 8
(c) 1/8 (d) 1/4
10. If log x + log (x + 3) = 1 then the value(s) of x
will be, the solution of the equation
(&) x+x+3=1 (b) x+x+3=10
(c) x(x+3)=10 (d xx+3)=1
11. If log,ga = b, find the value of 10% in terms of a.
(a) o (b) 3a
(c) ax1000 (d) ax100
12. 3log5+21log4—log2="7
(a) 4 (b) 3
(c) 200 (d) 1000
Solve equations 13-25 for the value of x.
13. log Bx-2) =1
(a) 3 (b) 2
(c) 4 (d) 6
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e

14. log 2x -3)=2
(a) 103 (b) 51.5
(c) 25.75 (d) 26
15. log (12 — x) = -1
(a) 11.6 (b) 12.1
() 11 (d) 11.9
16. log (x> = 6x + 6) =0
(a) 5 (b) 1
(c) Both (a) and (b) (d) 3and2
17. log2* =3
(a) 9.87 (b) 3log2
(c) 3/log?2 (d) 9.31
18. 3=
(a) 1/log,3 (b) log;3
(c) 1/logy7 (d) log;7
19. 5°=10
(a) log5 (b) log 10/log 2
(c) log2 (d) 1l/log5s
20. Find x, if 0.01" = 2
(a) log2/2 (b) 2/log?2
(c) —2/log2 (d) —log2/2
21. Find x if log x = log 7.2 — log 2.4
(a) 1 (b) 2
(c) 3 (d) 4
22. Find x if log x = log 1.5 + log 12
(a) 12 (b) 8
(c) 18 (d) 15
23. Find x if logx =2 log 5 + 3 log 2
(a) 50 (b) 100
(c) 150 (d) 200
24. log (x — 13) + 3 log 2 =log Bx + 1)
(a) 20 (b) 21
(c) 22 (d) 24
25. log (2x — 2) — log (11.66 —x) = 1 + log 3
(a) 452/32 (b) 350/32
() 11 (d) 11.33
Space for Rough Work
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LEVEL OF DIFFICULTY (1)

. Express log

3[ 2 2
a 23

or
c b>~e

X in terms of log a, log
b and log c.

(a) loga+5logh—-2logc

(b) loga—Slogb—%logc

(c) loga—Slogb-l-%logc

W W Wi ND|w

1
(d) loga+510gb—510gc

If log 3 = 4771, find log (.81)* x log (%)3 +log 9.

(a) 2.689
(c) 2.2402

(b) —0.0552
(d) 2.702

. If log 2 = 301, log 3 = .477, find the number of

digits in (108)"°.

(a) 21 (b) 27
(c) 20 (d) 18
If log 2 = .301, find the number of digits in (125)%.
(a) 53 (b) 50
(c) 25 (d) 63

Which of the following options represents the value
of log V128 to the base .625?

2 +1og.2 log.128

(@) (b) oS820
ogg5—1 2logg0.625

() 2tlogs2 (d) Both (b) and (c)
2(logg5-1)

. Solve for x:

75 7 105 13

log =2 +2log ~ —log —> —log — =0.

8 35 85 TR % s

(a) 90 (b) 65

(© 13 () 45
4 X 63

2 log = —log = +log—> =0

%83 %70 T %60

() 7 (b) 14

© 9 ) 3

lo 2—10 7 + lo ﬂzx

C 083 %8s T8
(@ 0 (b) 1
(c) 2 d 3

Questions 9 to 11:
9.

10.

. (a)

e

Which one of the following is true
(a) log,4275 = log;4375 (b) log,;,275 < log;4375
(c) log,;275>1log;4375 (d) Cannot be determined
(a) log;;1650 > log,;1950

(b) log;;1650 <log;;1950

(c) log;;1650 =1log,31950

(d) None of these

10g; 4096 _ 10,4096

log, 4096 -
3

(b) logg4096

()
(d) Cannot be determined
2

b&# > logg4096

24

16 5 81
. log—+ 5log— +3log— =logx, x =7
ST 80 BT

(a) 2 (b) 3

(c) 0 (d) None of these

If log 2 = 0.301 and log 3 = 4771 then find the
number of digits in the following.

. 60"
(a) 25 (b) 22
(c)9 23 (d) 24
.72
(a) 17 (b) 20
(c)2 18 d) 15
. 277
(a) 38 (b) 37
(c) 36 (d) 35

Questions 16 to 18: Find the value of the logarithmic
expression in the questions below.

16.

log\/ﬁ +log8 — log V1000

log1.2
where, log;,2 = 0.30103, log;, 3 = 0.4771213
(a) 1.77 (b) 1.37
(c) 2.33 (d) 1.49
1 1 1
+ + -
log,, (xyz) log, (xyz) log.,(xyz)
(a) 1 (b) 2
(c) 3 (d) 4
. logd"/b" + logb"/c" + logc"/a"
() 1 (b) n
(¢) 0 (d) 2



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

log,,x — log, V=2 log, 10 then x = ?

(a) 50 (b) 100

(c) 150 (d) 200

(2) =2. Thenx =7?

10

log 2 log 2

(@) ——2 (b)) o

log3+1log7-1 log3+1log7+1

log 3 log 2

(c)

log2+1log7-1 log3—1log7+1

log (x* + 5) = 3 log (x + 2) then x = ?
2+2 —2-2
(a) > (b) 2
(c) Both (a) and (b) (d) None of these
(@* -2’0 + b ' =(a—b)? (a+ b)*thenx =?
(a) 1 (b) 0
(c) None of these (d 2

Iflog,(, 242 = a, log,, 80 = b and log,, 45 = c, express
log,, 36 in terms of @, b and c.

(c=DGetb=4)  (c=DGetb=4)

(@) 7 3

(c—=1)3c—-b-4)

(c) 3

(d) None of these

For the above problem, express log;, 66 in terms of
a, b and c.

(c—=D@Bc+b-4) 3a+c)+(2b+-)5)
8 ®) 6
3(a+c)+(2b-5) 3(c—1)GBc+b—4)
6 @ 6
log, (9 — 2%) = 10"¢ 9 Solve for x.

(@) 0 (b) 3
(c) Both(a)and (b) (d) Oand6

(a)

(©)

If logx = logy
b-c
tions.
(@) xyz=1 (b) xyP =1
(c) xPFeyetaz 2 b=1 (d) All the options are cor-
rect.

What will be the value of x if it is given that:
[1 11 1 1 ]2
log [=+—+—+—+—+...tcoterms | =2
5 12 21 32 45
(10g4x2) (xlog,,8) (log,243) is equal to:
(a) 2x (b) 5x
(c) 3x (d 1
For how many real values of x will the equation log;,
log, (* = 18x* + 108x) = log, log, 16 be satisfied?

= loi. Mark all the correct op-
a—>b

c—a
IIFT 2006

30.

31.

32.
33.
34.
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Ifn =123
1 1 1
+ +
log, n

log,n logyn

1 1
+

+
loggn loggn

1 1
+
logy n

=7

logg 7

(10g2x)2 + 2 logyx — 8 = 0,Where x is a natural
number. If xP = 64, then what is the value of x + p.
Directions for 41 and 42: A =

. b .
2?:2 log; (i), B = ijz log;(/)& C
= ZE::;) log; logs k,wherea >2b. If D=A-B

— C. Then answer the following questions.
If a = 10 then for what value of 5, D is minimum
For a = 6, D is maximum for b =
If ‘p> and ‘g’ are integers and log, (—* + 6g — 8) +
log, (-2p” + 20p — 48) = 0 then p X ¢ = ?

Space for Rough Work
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ANSWER KEY
Level of Difficulty (I)
1. (a) 2. (b) 3. (a) 4. (c)
5. (a) 6. (b) 7. (d) 8. (a)
9. (c) 10. (¢) 11. (a) 12. (b)
13. (¢) 14. (b) 15. (d) 16. (c)
17. (¢) 18. (a) 19. (d) 20. (d)
21. (¢) 22. (c) 23. (d) 24. (b)
25. (¢)
Level of Difficulty (Il)
1. (b) 2. (b) 3. (a) 4. (a)
5.(d) 6. (c) 7. (a) 8. (c)
9. (b) 10. (a) 11. (a) 12. (d)
13. (b) 14. (a) 15. (¢) 16. (d)
17. (b) 18. (¢) 19. (b) 20. (a)
21. (¢) 22. (b) 23. (d) 24. (c)
25. (a) 26. (d) 27.25/48 28. (b)
29. 1 30. 4 31.7 32.10
33.3 34. 15
Level of Difficulty (I)
1. Log 32700 = log 3.27 + log 10000 = log 3.27 + 4
2. Log 0.0867 = log (8.67/100) = log 8.67 — log 100
Log 8.67 — 2
3. log; 125 = log,,(1000/8)= log 1000 — 3log2
=3 -3x0.301 =2.097
4. logs, 8= log 8/log 32 (By base change rule)
= 3 log2/5log2 = 3/5.
5. loggs x =25 = x=05"=(pP=27%
6. x=3"=13.
7. logs3375 x Log,1024
=3 log;s15x51log,4=3x5=15.
8. The given expression is:
Log, (4 x 16 x 64 x 256) = 10
ie. log, 4" =10
Thus, a = 4.
9. 1/2 loggys 5 = [1/(2 x 4)] logs 5 = 1/8.
10. logx (x +3) =1 = 10" = x* + 3x.
or x(x + 3) = 10.
I1. logpa=b6= 100=a= By definition of logs.
Thus 10** = (10 = &°.
12. 3log5+2log4—log?2
=log 125 + log 16 — log 2
= log (125 x 16)/2 = log 1000 = 3.
13. 10" =3x -2 = x = 4.
14. 10> =2x -3 = x =515
15. 1/10=12 —x = x=11.9
16. x> —6x+6=10°=x"—6x+6=1

=>x - 6x+5=0
Solving gives us x = 5 and 1.

17.

18.

19.
20.
21.
22.
23.
24.

25.

xlog2=3
log 2 = 3/x.
Therefore, x = 3/log 2
3¥=7=log;7=x
Hence x = 1/log; 3
x =logs 10 = 1/log,, 5 = 1/log 5.
x =logy o 2 = —log 2/2.
log x =log (7.224) =log3 =>x =3
log x =log 18 = x =18
log x = log 25 + log 8 = log (25 x 8 ) = log 200.
log (x —13) + log 8 = log[3x + 1]
= log (8x—104) =log 3x+ 1)
= 8x—104 =3x+1

5x =105 =>x=21
log (2x — 2)/(11.66 — x) = log 30
= (2x—2)/(11.66 —x) =30

2x —2 =350 -30x

Hence, 32x = 352 = x = 11.

Level of Difficulty (Il)
1.
2.

2/3 log a — 5 log b — 1/2 log c.
2 Log (81/100) x 2/3 log (27/10) + log 9
=2 [log3* - log 100] x 2/3 [(log 3* — log10)] = 2 log
3
=2 [log3* — log 100] x 2/3 [(3log 3 — 1)] = 2 log 3
Substitute log 3 = 0.4771 = — 0.0552.
Let the number be y.
y=108"
= log y = 10 log 108
Logy=10log (27 x 4)
Logy =10 [3log3 + 2 log 2]
Logy=10[ 1.43 +0.602]
Hence log y = 10[2.03] = 20.3
Thus, y has 21 digits.
log y =25 log 125
=25 [log 1000 — 3 log 2] =25 % (2.097)
=52+
Hence 53 digits.

. 0.5 log 45 128

=0.5 [logg128/10g40.625]
1/2 [ logg128/10g40.625]

Logg 128 Logg 128 2 +1logg2
2(logss—logg)  2[logss—11  2(logg5—1)

(75/35) x (49/25) x (x/105) x (25/13) = 1

=x=13

(16/9) x (10/x) X (63/160) = 1

=>x=7

. Solve in similar fashion.



9.

10.

11.

12.

Log;;275 <log,4375

Because the value of Log,;;275 is less than 2 while
log,375 is greater then 2.

log,;1650 > 3

Log,31950 <3

Hence, log;;1650 > log,;1950

log, 4096
—=—— = logg 4096
3 g8

x = (16/15) x (25°/24°) x (81°/80%)
None of these is correct.

13-15.
Solve similarly as 3 and 4.

18.
19.

20.

21.

25.

26.

27.

log (d"b"c"/ad"b"c") = log 1 =0
(1/2) log x = 2log, 10
= logx =4log,10
= logx =4/log;px = (log x)P?=4
So log x = 2 and x = 100.
X = 10%(21/10)2

_ Log?2 B Log?2

Log21—-1logl0 [Log3+log7—1]

67+ 12x+3=0 or 2 +4x+1=0
Solving we get both the options (a) and (b) as cor-
rect. Hence, option (c) is the correct answer.
For x = 0, we have LHS
Log, 8 = 3.
RHS: 10"°¢° = 3,
We do not get LHS = RHS for either x = 3 or x = 6.
Thus, option (a) is correct.

logx logy logz —k

b—c Ca-b

c—a

= x = 10 k(b—C)’ y — 10k(€—d)’ z = lok(a—b)
L xyz = 10k(b—c+c—a+a—b) _ 100 =1
Therefore option (a) is correct.

¥ yb £ = lok[a(bfc) + b(c — a) + c(a — b)]

_ lok(abfachbcfabJrcafbc)
=1050=1

Therefore option (b) is correct.
xb+cyc+aza+b — 10k[(b+c)(b—c)+(c+a)(c—a)+(a+b)

(a = b)]
=100 =1
Therefore option (c) is also correct.

Since all the first three options are correct, we choose
option (d) as the correct answer.

1 1 1 1 1 2
log, | =+—+—+—=+-—+...+ o0 terms
5 12 21 32 45
11 1 1 1
=2log, (=+—+—+—=+——+...+ 0 terms
R PR TR TR )

28.

29.

30.

31.
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1 1 1 1 1
Let —+—+—+—+—+...+coterms =P
5 12 21 32 45
_ 1[ 4 4 4 4 4 ]
P=_ + + + + +...00
411x5 2x6 3x7 4x8 5x9

4p = |:]_l+l_l+l_l+l_l+l_l:|
52 6 37 48 59

log,—=1orx=25/48
48

2logx xlog8 log243
log4 'log27  logx

log, x* xlog,,8.log, 243 =

_ logx 3xlog2 Slog3 — 5y
log2 3log3 " logx

log,(log,16) = log, log442 =log,2 =1
log; logs (x* — 18x* + 108x) = 1
logg(x® — 18x% + 108x) = 3
X = 18x% + 108x = 6°
X = 18x% + 108x — 216 = 0
(x-—6)>=0
x = 6 is the only value for which the above equation
is true.

1 1 1 1

+ +
log,n logzn log,n
1 1 1
+ +

logy n

logg n

logg n logg 1

= log,2 + log,3 + log,4 + log,6 + log,8 + log,9 +
log,18

=log, (2x3x4x6x8x9x18)

= log, (2* x 39

= log, (2% x 3"%)*

= 4 log, (2> x 3'9)

=4log,, ys (27 x3'7)=4

(log,x)* + 2log,x — 8 = 0

(logzx)2 + 4log,x — 2log,x — 8 =0

log,x [logyx + 4] — 2 [log,x +4] =0

[log, x — 2] [log,x +4] =0

Since, x is a natural number hence [log,x + 4] cannot
be zero. Hence, log,x — 2 =0

logyx = 2

x=2"=4

We are given that: ¥’ = 64. Since x is 4, this means



